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Abstract
We study the embedding of extreme (multi-) dilaton black hole solutions for the values of the parameter a =
√
3, 1, 1/
√
3, 0 in N = 4 and N = 8 four-dimensional
supergravity. For each black hole solution we find different embeddings in N = 4 supergravity which have different numbers of unbroken supersymmetries. When embedded
in N = 8 supergravity, all different embeddings of the same solution have the same number of unbroken supersymmetries. Thus, there is a relation between the value of
the parameter a and the number of unbroken supersymmetries in N = 8 supergravity, but not in N = 4, and the different embeddings must be related by dualities of the
N = 8 theory which are not dualities of the N = 4 theory. The only exception in this scheme is a dyonic embedding of the a = 0 black-hole solution which seems to break all
supersymmetries both in the N = 4 and in the N = 8 theories.
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1 Introduction
The abundance of extreme black-hole and soliton solutions of string theory is
intimately connected with the existence of duality symmetries either within a
given string theory or between different string and higher-membrane theories
(see [1, 2, 3, 4] and references therein). These duality symmetries can always
be used as solution-generating transformations which generate new solutions out
of known solutions, and, therefore, the larger the duality group, the greater the
number of extreme black-hole and soliton solutions.
There is, however, another point of view, which may be regarded as “dual” to
this one: solutions related by duality are in some sense equivalent (some times
they are equivalent in a strict sense), so that solutions generated by duality
transformations are not regarded as completely new. From this latter viewpoint,
one is particularly interested in solutions which are not related by any duality
symmetry since new solutions can then be generated from this reduced set of in-
equivalent solutions. In this scenario, the larger the group of duality symmetries,
the smaller the set of inequivalent solutions.
This is the point of view that we are going to adopt in this paper. We consider
extreme black-hole solutions arising in four-dimensional N = 4 and N = 8
supergravity reductions of N = 1 and N = 2 ten-dimensional supergravities.
Our main goal is the following: we want to find how many inequivalent extreme
dilaton black-hole solutions there are in these theories, with just one scalar and
one vector field in four dimensions and coupling between the scalar and the
vector field characterized by the constant a. Equivalent solutions should be
related by duality symmetries and should have the same number of unbroken
supersymmetries.
In fact, the interplay between duality and supersymmetry, both spacetime and
worldsheet, has been the subject of active investigation recently. In particular,
it has been noted that soliton solutions of a given theory which transform into
each other under T duality preserve the same amount of supersymmetry under
most circumstances [5]. N = 4, D = 4 Killing spinors transform covariantly
under S duality, the number of unbroken supersymmetries and Bogomol’nyi
bounds being invariant [6, 7], and similar results have been obtained in the
context of N = 4, D = 8 supergravity [8]. More recently, an analysis of the
supersymmetry-breaking pattern of string-like solitons in toroidally compacti-
fied four-dimensional heterotic string theory [9] showed that such solitons which
are related by an O(8, 24;Z) transformation (this larger duality group containing
both the SL(2,Z) S duality group and the O(6, 22;Z) T duality group) preserved
the same amount of spacetime supersymmetry, whether it was 1/2, 1/4 or 1/8
of the original supersymmetries of the theory.
Thus, supersymmetry can be used to classify inequivalent extreme black-hole
solutions.
Most of the extreme black-hole solutions discussed so far have been found to
preserve precisely half of the supersymmetries of whatever low-energy theory
they arise in: extreme Reissner-Nordstro¨m black holes break one half of the
N = 2, D = 4 supersymmetries (see, for instance, the second lecture of Ref. [10]
and references therein), (a = 1) extreme dilaton black holes break one half of
the N = 4, D = 4 supersymmetries [11], Kaluza-Klein black holes break one half
of the supersymmetries of N = 1, D = 5 supergravity since they correspond to
five-dimensional pp-waves (see, for instance, the third lecture of Ref. [10] and
references therein). Nevertheless, there exist several examples of solutions which
break 3/4 of the supersymmetries or more, such as the double-instanton string of
[12] and most of the string-like solitons of [9] (see also [2] and references therein
for other examples)
However, the statement that the (a = 1) extreme dilaton black hole has one
half of the N = 4, D = 4 supersymmetries unbroken (that is half of N = 1, D =
10) is not, in fact, true, or, more precisely, is incomplete. One should say that
there is an embedding of the (a = 1) extreme dilaton black hole which has one
half of the N = 4, D = 4 supersymmetries unbroken. This is the embedding
proposed in Ref. [11] and basically corresponds to the identification of the vector
field with a vector field belonging to the gravity supermultiplet of N = 4, D = 4
supergravity. There is, however, another embedding of the same solution which
is not supersymmetric, and which corresponds to the identification of the vector
field with one belonging to an N = 4, D = 4 vector supermultiplet3 [13].
These two embeddings are, according to the above results on duality and
supersymmetry, inequivalent in the framework of theN = 4 theory, in spite of the
fact that they correspond to identical solutions satisfying identical Bogomol’nyi-
like bounds.
This situation seems to us a bit paradoxical. One would naively think that
all the possible embeddings of a given solution should be equivalent. One would
also naively think that all Bogomol’nyi-like bounds should be related to super-
symmetry, at least in some theory.
As we will see, the resolution of this apparent paradox lies in the N = 8 theory.
All embeddings in the N = 4 theory can also be considered as embeddings in the
N = 8 theory, and we will only consider this kind of simultaneous (or NS-NS)
embedding. With the exception of a new dyonic black hole which breaks all of the
supersymmetries [14], our findings indicate that there is a well-defined relation
between the parameter a and the number of supersymmetries preserved in N =
8 supergravity. For either purely electric or purely magnetic four-dimensional
configurations, all NS-NS embeddings of the same extreme black-hole solution
have the same number of unbroken supersymmetries and this suggests that all
3This vector supermultiplet can have a Kaluza-Klein origin, appearing in the dimensional
reduction of N = 1,D = 10 supergravity or can be related to one of the sixteen ten-dimensional
U(1) vector supermultiplets of the heterotic string.
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embeddings are equivalent in the framework of the N = 8 theory. Some of the
N = 8 dualities (U dualities [3]) that connect the different embeddings are not
present in the N = 4 theory, and so it follows that these embeddings are not
(N = 4)-equivalent.
Particularly interesting is the U duality transformation that we call C du-
ality whose effect is to interchange supergravity and matter vector fields and
the chirality of the ten-dimensional spinors [15]. The embeddings proposed in
Refs. [13, 11] are related by C duality and therefore are both supersymmetric in
the N = 8 theory. However, N = 1, D = 10 supergravity is chiral, and C duality
cannot be a duality symmetry of the N = 4 theory. In fact, C duality is a
string/string duality relating the two N = 1 supergravity theories with opposite
chiralities that one can construct in ten dimensions. This explains the apparent
paradox.
Four-dimensional Kaluza-Klein black holes have been studied in Refs. [16],
while four-dimensional black-hole solutions of N = 8 supergravity have also
been studied in Refs. [17]. Furthermore, in Refs. [18], a class of regular BPS
saturated black holes parameterized by four charge parameters was constructed,
while in Refs. [19] a five-parameter construction of all static, spherically sym-
metric BPS-saturated black holes of heterotic string theory compactified on a
six-torus was shown. While our solutions appear to be special examples of the
abovementioned generalized constructions, our work differs from these in that we
are interested in the interplay between U duality and the different truncations
of N = 8 supergravity. The appearance of supersymmetric extreme solutions
which saturate a Bogomol’nyi bound and non-supersymmetric extreme solutions
which do not saturate a Bogomol’nyi bound in the context of the four-parameter
solution of Refs. [18] was shown in Refs. [20] to arise from the different limits
from non-extremality of the four-parameter solution. This observation does not,
however, resolve the apparent paradox in question in this paper, as all the classes
of black hole solutions we consider do in fact saturate a Bogomol’nyi-like bound.
A summary of our work is as follows: in Section 2 we write down the action
and multi-black hole solutions of the a-model, noting for which values of a the
solutions arise from consistent truncations of maximal N = 8 supergravity. In
Section 3 we demonstrate the embeddings, both known and novel, of the a-model
solutions in N = 4 and N = 8 supergravity, and proceed in Section 4 to find the
unbroken supersymmetries for each embedding. Finally, we discuss our results
in Section 5.
The appendices contain some complementary material and results that we
heavily use in the main body of the paper: our conventions are in Appendix A,
in Appendix B we derive from eleven dimensions the ten-dimensional supersym-
metry rules of the type IIA theory and of the two N = 1 theories of opposite
chiralities, together with the C duality relation between them. Appendix C con-
tains the spin connection one-form for the ten-dimensional class of metrics which
we consider.
2 The “a-model”
In reducing to four dimensions the ten-dimensional N = 1 and N = 2 super-
gravities arising in the low-energy limit of the various superstring theories, one
generically arrives at a complicated four-dimensional action with many scalar
fields (moduli) and Maxwell vector fields (throughout this work we consider
Abelian vector fields only, as even when we start with a non-Abelian gauge
group, a generic point in the moduli space has U(1)n symmetry). For exam-
ple, toroidally compactified four-dimensional heterotic string theory consists of
a metric, antisymmetric tensor, dilaton, 28 vectors and 132 scalars.
In this paper we consider a greatly simplified truncation in four-dimensions,
consisting of a metric g˜µν , a single scalar field ϕ and a single Maxwell field
Aµ with an arbitrary parameter a governing the scalar-Maxwell coupling. The
“a-model” action is explicitly given by
S(a) = 12
∫
d4x
√
|g˜|
[
−R˜− 2(∂ϕ)2 + 12e−2aϕF 2
]
. (1)
We stress that the scalar ϕ is in general different from the string dilaton, and
is in fact a linear combination of the dilaton and other moduli. Throughout we
always denote the dilaton by a different symbol (φ). Therefore, in working with
this model, we are always in the canonical (Einstein) frame, which we denote
with tildes on the metric, Einstein tensor etc. The equations of motion are
G˜αβ + 2T
ϕ
αβ − e−2aϕTAαβ = 0 ,
∇˜2ϕ− a4 e−2aϕF 2 = 0 ,
∇˜µ
(
e−2aϕFµα
)
= 0 ,


(2)
where Tϕαβ and T
A
αβ are the energy-momentum tensors of the scalar field ϕ and
the vector field Aµ respectively:
Tϕαβ = ∂αϕ∂βϕ− 12 g˜αβ(∂ϕ)2 , (3)
TAαβ = Fα
µFβµ − 14 g˜αβF 2 . (4)
Black-hole solutions of the a-model exist for all values of the parameter a,
that we take to be positive without any loss of generality. In particular, there
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are extreme [21] and multi-black-hole solutions [22, 6] for all a. The purely
electric extreme multi-black-hole solutions are


ds˜2 = V
− 2
1+a2 dt2 − V + 21+a2 d~x2 ,
eϕ = V
− a
1+a2 ,
Fti = −n
√
2
1+a2 ∂iV
−1 ,
(5)
where V (~x) is a harmonic function in three-dimensional Euclidean space
∂i∂iV = 0 , (6)
that we always take to be positive and normalized so as to make the above metric
regular and asymptotically flat, that is
V (~x) = 1 +
∑
i
Mi
|~x− ~xi| , Mi ≥ 0 ∀i , (7)
and n = ±1 gives the sign of the electric charges. The equations of motion of the
a-model are invariant under the discrete electric-magnetic duality transformation
F ′ = e−2aϕF , ϕ′ = −ϕ , (8)
and, therefore, a purely magnetic multi-black-hole solution always exists for any
a:


d˜s
2
= W
− 2
1+a2 dt2 −W+ 21+a2 d~x2 ,
eϕ = W
+ a
1+a2 ,
Fij = ∓
√
2
1+a2 ǫijk∂kW .
(9)
For the special values a = 0 and a = 1 dyonic solutions also exist [23, 11]:


d˜s
2
= (V W )−1dt2 − VWd~x2 ,
eϕ = V −
1
2W+
1
2 ,
F = n dV −1 ∧ dt− 12m ǫijk∂iWdxj ∧ dxk ,
(10)
where n and m take the values ±1. (The a = 0 dyon is obtained by setting
V =W in the above solution.)
All the purely electric or magnetic extreme solutions (and the dyonic a = 1,
a = 0 solutions) admit Killing spinors if one uses the appropriate definition
of “gravitino” and “dilatino” supersymmetry transformation rules [24]. These
rules coincide with the supersymmetry rules of known supergravity theories in
some cases, and they can always be used to do Nester constructions. It is worth
noting, though, that all the supersymmetry rules of these subsupergravities can
be obtained from theN = 4, D = 4 supersymmetry rules (with no axion) through
the same transformation that takes the a = 1 extreme dilaton black hole into
the other values of a (see the conclusions section of Ref. [6]).
However, it is not known which values of a naturally appear in true supergrav-
ity theories. As explained in Ref. [3], some of them are expected to arise in the
different consistent truncations of maximal N = 8 supergravity, namely those
with a =
√
3, 1, 1/
√
3, 0. The values 1 and 0 arise in the truncations to N = 4
and N = 2 respectively. The values
√
3 [25] and 1/
√
3 arise in the truncation
from maximal to simple five-dimensional supergravity and its dimensional red-
ucation to D = 4. For all four values of a one can also argue that the extreme
black-hole solutions are solitonic.
A study of the slow motion of the extreme black-hole solutions of the a-model
reveals that only for a =
√
3 the corresponding moduli space is flat [26, 27].
This is the necessary condition for the solutions to only break half of the N = 8
supersymmetries [28] (i.e. to be BPS states), and therefore we only expect these
to have half of the N = 8 supersymmetries unbroken and the rest will have fewer
unbroken supersymmetries.
It was conjectured in [29] that certain electrically charged extreme black holes
arising in the N = 4 theory could be identified with BPS states in the spectrum
of allowed charges of the theory [30] (the so-called Schwarz-Sen spectrum), which
in turn could be identified with elementary (massive) string states. In the N = 4
theory, both the a =
√
3 black hole and a certain embedding of the a = 1 black
hole preserve half of the spacetime supersymmetries, and were shown to corre-
spond to massive string states (dynamical evidence supporting the conjecture in
[29] was found in [31]).
In the N = 8 theory, however, only a =
√
3 black holes preserve half the
supersymmetries, and are therefore the only candidates to be identified with
elementary string states. On the other hand, all four black holes (at least in some
embeddings) preserve some degree of supersymmetry, and saturate Bogomol‘nyi
bound formulae (see, for example, [18, 32]). In truncating to an N = 2 theory,
one can find embeddings for all four black holes such that each preserves half of
the spacetime supersymmetries. As a result, there is the possibilty of realizing
all these extremal black holes as string states, although in the N = 2 case
the solutions are no longer protected by nonrenormalization theorems against
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quantum corrections.
The problem with quantum corrections arises especially for the a = 0 black
hole, since this solution has zero dilaton for both electric and magnetic solutions,
and there is no way to distinguish a perturbative from a non-perturbative state.
One is then led to conclude that both solutions are non-perturbative, and cannot
correspond to an elementary string state to begin with4.
On the other hand, it was also conjectured in Ref. [29] that the a = 1, 1/
√
3, 0
extreme dilaton black holes could be understood as bound states of the 2, 3 and
4 maximally supersymmetric a =
√
3 black holes respectively. This conjecture
has been recently confirmed in Ref. [33] where it was shown how to get the
a = 1, 1/
√
3, 0 solutions as particular limits of a multi-a =
√
3-black-hole solution
that interpolates between them. In our supersymmetry analysis, a similar picture
of compositeness arises in relating the Killing spinor equations of the various
black holes. For example, as we shall see below, the supersymmetry breaking
pattern of the a = 1/
√
3 black hole, corresponding to 3 a =
√
3 black holes in the
bound state picture, arises as the combination of the supersymmetry breaking of
a single a =
√
3 black hole and an a = 1 black hole, corresponding to 2 a =
√
3
black holes in the bound state picture.
Additional information on the a-model comes from its reduction to two di-
mensions. For (and only for) the special values a = 0,
√
3 the two dimensional
theory has infinite symmetry and becomes completely integrable [34].
Our purpose in the next section is to investigate which solutions of the a-model
do arise in N = 4(8), and for which values of a, how they are embedded in the
supergravity theory and their unbroken supersymmetries.
3 Embedding the a-model solutions in N = 4(8)
supergravity
We are ultimately interested in the embedding of the extreme (multi-) black-hole
solutions of the a-model into N = 8, D = 4 supergravity, which is equivalent
(upon dimensional reduction) to any of the N = 2, D = 10 supergravities. For
simplicity, we will focus on the Neveu-Schwarz-Neveu-Schwarz (NS-NS) subsector
of this theory, which can be obtained by simply setting to zero all the Ramond-
Ramond (R-R) fields. As explained in Ref. [35] and in Appendix B, where more
details can be found with the explicit example of the type IIA theory, this trun-
cation is consistent (i. e. any solution of the truncated theory is automatically
a solution of the original one) and the bosonic sector of the truncated theory is
the bosonic sector of the N = 1, D = 10 supergravity theory.
4This was pointed out to us by Paul Townsend.
The consistency of the truncation has a stringy explanation: the only sources
for R-R fields have to be R-R fields. Therefore, there are no purely NS-NS terms
in the equations of motion of the R-R fields and all terms simultaneously vanish,
leaving no constraints.
Dimensional reduction of N = 1, D = 10 supergravity to D = 4 gives
N = 4, D = 4 supergravity coupled to six matter (vector) supermultiplets [36].
Therefore, solutions of N = 4, D = 4 supergravity coupled to six vector su-
permultiplets can be considered simultaneously as solutions of N = 8, D = 4
(or N = 2, D = 10) supergravity. Since the supersymmetry transformation
rules are much simpler in ten dimensions, we will uplift any solution of the
N = 4(+6V ), D = 4 theory to ten dimensions to get solutions of the N = 1, 2
theories.
In this section we want to identify further consistent truncations of the N =
4(+6V ), D = 4 theory that lead us to the a-model for some values of a, so, in
the end, and following the logic of the previous paragraph, we have a solution of
the N = 1(2), D = 10 theory for each solution of the a-model.
To study the consistency of the truncations, we need the equations of motion.
They could be derived from the action Eq. (96). However, since the a-model
makes sense only in the canonical metric, we first rescale the string metric gµν
in Eq. (96) to the canonical metric g˜µν = e
−2φgµν and get
G˜αβ + 2T
φ
αβ +
9
4T
B
αβ
− 14
[
∂αGmn∂βG
mn − 12 g˜αβ∂µGmn∂µGmn
]
− 14GmnGpq
[
∂αBmp∂βBnq − 12 g˜αβ∂µBmp∂µBnq
]
+ 12Gmn
[
F (1)mα
µF (1)mβµ − 14 g˜αβF (1)mµνF (1)mµν
]
+ 12G
mn
[FmαµFnβµ − 14 g˜αβFmµνFnµν] = 0 , (11)
∇˜2φ+ 34e−4φH2 + 18e−2φ
[
GmnF
(1)mF (1)n +GmnFmFn
]
= 0 , (12)
∇˜2Grs −Gm(rGs)nGpq [∂Gmp∂Gnq + ∂Bmp∂Bnq]
+ 12e
−2φ
[
F (1)rF (1)s −Gm(rGs)nFmFn
]
= 0 , (13)
4
∇ˆµ (GnrGqs∂µBnq) + e−2φFmGm[sF (1)r] = 0 (14)
∇ˆµ
(
e−2φGmnF (1)nµα
)
= 0 , (15)
∇ˆµ
(
e−2φGmnFnµα
)
= 0 , (16)
∇ˆµ
(
e−4φHµαβ
)
= 0 , (17)
where T φαβ is the energy-momentum tensor of φ (just as in Eq. (3)) and T
B
αβ is
the energy-momentum tensor of the axion two-form Bαβ
TBαβ = Hα
µνHβµν − 16 g˜αβH2 . (18)
We also have to satisfy the following Bianchi identities
∂F (1)m = 0 , ∂H = 12F
(1)mF (2)m ,
∂F (2)m = 0 .
(19)
Any truncation leading to the a-model must necessarily have no axion field
and no axion field-strength. A reasonable choice is, then
Bαβ = 0 , Hαβγ = 0 ,
Gmn = −e2ρmδmn , Bmn = 0 .
(20)
Substituting into the above equations of motion and Bianchi identities we get
the following equations of motion
G˜αβ + 2T
φ
αβ +
∑
m
T ρmαβ
− 12
∑
m
e−2(φ−ρm)T (1)mαβ − 12
∑
m
e−2(φ+ρm)T (2)mαβ = 0 , (21)
∇˜2φ− 18
∑
m
e−2(φ−ρm)
(
F (1)m
)2
− 18
∑
m
e−2(φ−ρm)
(
F (2)m
)2
= 0 , (22)
∇˜2ρm + 14e−2(φ−ρm)
(
F (1)m
)2
− 14e−2(φ+ρm)
(
F (2)m
)2
= 0 , (23)
∇˜µ
(
e−2(φ−ρm)F (1)mµα
)
= 0 , (24)
∇˜µ
(
e−2(φ+ρm)F (2)mµα
)
= 0 , (25)
and the following constraints
F (1)rµνF
(1)sµν − e−2(ρr+ρs)F (2)rµνF (2)sµν = 0 , ∀r 6= s , (26)
F (1)rµνF
(2)
s
µν − e−2(ρr−ρs)F (1)sµνF (2)sµν = 0 , ∀r 6= s , (27)
∑
m
F (1)mµν
⋆F (2)mµν = 0 . (28)
The origins of the first two constraints are the equations of motion of the
vanishing fields. The last constraint is a consistency condition between Bαβ = 0
and Hαβγ = 0 due to the Bianchi identity of Bαβ (19) and it simply means that
the Chern-Simons term in the definition of H locally vanishes.
The a-model has only one scalar and one vector field. It is necessary, then, to
get to it, to make an ansatz of this kind:
~F (1) = ~nF + ~p ⋆F , ρm = cm ϕ ,
~F (2) = ~mF + ~q ⋆F , φ = bϕ ,
(29)
where b and the cm’s are constants and the vectors ~n, ~p, ~m, ~q can be functions
of ϕ and we have arranged the vector field-strengths in column vectors. F is a
purely electric or magnetic vector field-strength (for definiteness we take it to be
electric).
It is clear that, after the truncation Eqs. (20), no other ansatz will take us to
the a-model or, at least, to the static electric black-hole solutions of the a-model.
Substituting our ansatz into the equations of motion and constraints it is
possible to prove (after a considerable amount of work) that only the cases
a =
√
3, 1, 1/
√
3, 0 can be obtained. Only in these cases can the a-model be
embedded in the truncation of the N = 4(+6V ), D = 4 supergravity theory that
we have proposed. One also finds that, up to heterotic duality rotations, there
is a very small number of ways to do this embedding in each case (see Table 1
for a complete collection of these embeddings). Before we explain our results
in each case let us say that T duality acts in our truncated model by rotations
separately in the space of the A(1)m vectors and in the space of A(2)m and by
the transformation (Buscher’s T duality transformation [37])
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A(1)m′ = −A(2)m , ρ′m = −ρm ,
A(2)′m = −A(1)m .
(30)
There are also electric-magnetic dualities, which are essentially those of the
a-model Eqs. (8).
All these heterotic dualities (which do not assume the existence of isometries in
the four-dimensional solutions, but make use of the fact that, as ten-dimensional
solutions they do have a six-dimensional Abelian isometry group) are just non-
compact symmetries of the supergravity theories [38] and are, as explained in the
Introduction, consistent with supersymmetry in the sense that a configuration
and its duals have the same number of four-dimensional unbroken supersymme-
tries5 [6, 7, 5, 9, 8]. This fact allows us to study just one configuration and not
its heterotic duals.
As we are going to see (see also [33]) the number of inequivalent extreme
black-hole solutions is very small and one always can choose a representative in
the equivalence class which has a maximum of two vector and two scalar fields
different from zero.
3.1 a =
√
3 embeddings
It is easy to see that setting
F (1) =
√
2F , φ = 1√
3
ϕ , ρ1 = − 2√3ϕ , (31)
the equations of motion of the N = 4(+6V ), D = 4 theory Eqs. (11)-(17) reduce
to those of the a-model with a =
√
3 [25]. Taking then the multi-black-hole
solution in Eqs. (5) for this value of a we get the following corresponding solution
of N = 4(+6V ), D = 4 in the string frame entirely expressed in terms of the
harmonic function V :
5This is not necessarily true for the ten-dimensional supersymmetries [5]. If the ten-
dimensional Killing spinor depends on a compact dimension, there will not be a corresponding
four-dimensional Killing spinor depending only on the four non-compact space-time dimen-
sions. This can happen even though all fields are assumed to be independent of the compact
dimensions. Thus, one could find that the same solution, as a ten-dimensional solution has
more solutions than as a four-dimensional solution. However, we will not find this kind of
ten-dimensional Killing spinors here.


ds2 = V −1dt2 − d~x2 ,
e2φ = V −
1
2 ,
G11 = −V ,
A(1)1t = n V
−1 .
(32)
Using Eqs. (98) of Appendix B we can readily express it in ten-dimensional
form:


dsˆ2 = V −1dt2 − d~x2 −
(
V
1
2 dx4 + n V −
1
2 dt
)2
− dxIdxI ,
Bˆ = φˆ = 0 .
(33)
This configuration is purely gravitational in ten dimensions and corresponds
to the Kaluza-Klein black hole, first identified as a solution of heterotic string
theory in the last of the references in [25]. Its T dual is known as the (electrically
charged) H-monopole [25].


dsˆ2 = V −1dt2 − d~x2 − V −1(dx4)2 − dxIdxI ,
Bˆ = −n
(
V −
1
2 dt
)
∧
(
V −
1
2 dx4
)
,
e2φˆ = V −1 ,
(34)
and has both dilaton and axion non-vanishing.
3.2 a = 1 embeddings
Setting
φ = ϕ , F (1)1 = F , F (2)1 = ∓F , (35)
we get the a = 1 model. The corresponding N = 4, D = 4 solution in the string
frame is
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

ds2 = V −2dt2 − d~x2 ,
e2φ = V −1 ,
A(1)1t = ∓A(2)1t = n V −1 ,
(36)
and the corresponding N = 1(2), D = 10 solution is


dsˆ2 = V −2dt2 − d~x2 − (dx4 + n V −1dt)2
−dxIdxI ,
Bˆ = ∓n V −1dt ∧ (dx4 + n V −1dt) ,
e2φˆ = V −1 .
(37)
If we choose the minus sign, as explained in Appendix B, the matter vector
field combination F (1)1+F1 = F (1)1+F (2)1 vanishes, and only the supergravity
vector field combination F (1)1 − F1 = F (1)1 − F (2)1 remains. The a = 1 model
can thus be embedded in the pure N = 4, D = 4 supergravity theory. This was
the embedding proposed in Ref. [11], and, as we will see in the next section,
it is the embedding which admits Killing spinors and unbroken N = 4, D = 4
supersymmetry (one half of it).
If we choose the plus sign, only the matter vector field combination remains,
and the resulting embedding does not have any N = 4(+6V ), D = 4 unbroken
supersymmetry [13].
This result seems paradoxical, since, after all, the four-dimensional solutions
are identical, and Bogomol’nyi-type bounds must be saturated in both cases.
All this was done in the framework of the N = 4(+6V ), D = 4 theory which
results from dimensional reduction of the positive chirality N = 1, D = 10 su-
pergravity theory, which is the standard choice. In N = 8 supergravity we are
forced to consider both chiralities and the apparent paradox will be explained
(see next section).
On top of the two embeddings (35) there is another embedding of the a = 1
multi-black-hole solution [16]:
F (1)1 = F , F (1)2 = ±e−2ϕ⋆F , ρ1 = −ϕ , ρ1 = +ϕ . (38)
The corresponding N = 4(+6V ), D = 4 solution in the string frame is


ds2 = V −1dt2 − V d~x2 ,
G11 = −V ,
G22 = −V −1 ,
A(1)1t = n V
−1 ,
A(1)2i = m Vi ,
(39)
and the ten-dimensional solution is


dsˆ2 = V −1dt2 − V d~x2 −
(
V
1
2 dx4 + n V −
1
2 dt
)2
−
(
V −
1
2 dx5 +m V −
1
2Vidx
i
)2
− dxIdxI ,
Bˆ = φˆ = 0 .
(40)
3.3 a = 1/
√
3 embeddings
Setting
F (1)1 =
√
2
3F , F
(1)2 = ∓F (2)2 =
√
2
3 e
− 2√
3
ϕ⋆F ,
φ = − 1√
3
ϕ , ρ1 = − 2√3ϕ ,
(41)
we get the a = 1/
√
3 model and the corresponding solution of the N =
4(+6V ), D = 4 theory6
6Observe that the Hodge dual ⋆F in the above formulae has to be calculated in the Einstein
frame metric.
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

ds2 = V −1dt2 − V 2d~x2 ,
e2φ = V
1
2 ,
G11 = −V ,
A(1)1t = n V
−1 ,
A(1)2i = ∓A(2)2i = nVi ,
(42)
where Vi satisfies the equation
∂[iVj] =
1
2ǫijk∂kV . (43)
The corresponding solution of the N = 1(2), D = 10 theory is


dsˆ2 = V −1dt2 − V 2d~x2 −
(
V
1
2 dx4 + n V −
1
2 dt
)2
− (dx5 + n Vidxi)2 − dxIdxI ,
Bˆ = ∓n Vidxi ∧
(
dx5 + n Vidx
i
)
,
e2φˆ = V .
(44)
In the framework explained at the beginning of this section, no other embed-
ding of the a = 1/
√
3 multi-black-hole solution is possible.
3.4 a = 0 embeddings
Setting
F (1)1 = 12F , F
(1)2 = 12
⋆F ,
F (2)1 = ∓ 12F , F (2)2 = ∓ 12⋆F ,
(45)
one gets the a = 0 model (Einstein-Maxwell theory). The solution of the N =
4(+6V ), D = 4 theory is


ds2 = V −2dt2 − V 2d~x2 ,
A(1)1t = ∓A(2)1t = n V −1 ,
A(1)2i = ∓A(2)2i = m Vi ,
(46)
and uplifted to ten dimensions is


dsˆ2 = V −2dt2 − V 2d~x2 − (dx4 + n V −1dt)2
− (dx5 +m Vidxi)2 − dxIdxI ,
Bˆ = ∓n V −1dt ∧ (dx4 + n V −1dt)
∓m V −1Vi
(
V dxi
) ∧ (dx5 +m Vidxi) ,
(47)
With the minus sign, this is the standard embedding of the extreme Reissner-
Nordstro¨m solution into N = 4(+6), D = 4 supergravity [11]. We can repeat
here the discussion we made in the a = 1 case with respect to the relative sign
of F (1)m and F (2)m and the matter or supergravity nature of the vector fields.
No other purely electric or magnetic embeddings exist (up to dualities), but
there exist some other (dyonic) embeddings [14] that we are going to discuss
now7.
3.4.1 Dyonic embeddings
The simplest of these embeddings is the following:
F (1)1 = F ± ⋆F . (48)
The essential property that makes this embedding a solution of the N =
4(+6V ), D = 4 theory is that, given that F is purely electric or magnetic F ⋆F =
0 and, then
(
F (1)1
)2
= 0. The solution is, thus,


ds2 = V −2dt2 − V 2d~x2 ,
A(1)1 =
√
2
(
n V −1dt+m Vidxi
)
,
(49)
7Observe that for the other values of a no dyonic embedding of any kind exists. This
reflects two facts: (i) there are no dyonic solution of the a-model for a 6= 0, 1, and (ii) the
dyonic solution of the a = 1 model is clearly not a solution of the N = 4, D = 4 theory, as
explained in Ref. [11]
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and the corresponding ten-dimensional solution is


dsˆ2 = V −2dt2 − V 2d~x2 − [dx4 +√2 (n V −1dt+m Vidxi)]2
−dxIdxI ,
Bˆ = φˆ = 0 .
(50)
This embedding can be generalized to the form
~F (1) = ~n (F ± ⋆F ) , ~F (2) = ~m (F ∓ ⋆F ) , (51)
provided nrnr +mrmr = 1 and nrms = nsmr. Some of these embeddings are
just T or S duals of the simplest one, but we will not pursue this problem here.
4 Unbroken N = 4(8) supersymmetries of the a-
model solutions
In the previous section we have found solutions of N = 1(2), D = 10 super-
gravity which in four dimensions correspond to the multi-black-hole solutions of
the a-model. In this section we are going to find the unbroken supersymme-
tries of the ten-dimensional solutions, which is a way of finding the unbroken
supersymmetries of the four dimensional solutions in N = 4(8) supergravity.
As explained in Appendix B, when the R-R fields of the type IIA theory vanish,
the supersymmetry rules reduce to Eqs. (94) that we rewrite here for convenience
δǫψˆ
(±)
aˆ = ∇ˆ(±)aˆ ǫˆ(±) ,
δǫλˆ
(±) =
(
6∂φˆ± 14 6Hˆ
)
ǫˆ(±) ,
where ∇ˆ(±)aˆ are the covariant derivatives associated to the two torsionful spin
connections
Ωˆ
(±)
aˆbˆcˆ
= ωˆaˆbˆcˆ ∓ 32Hˆaˆbˆcˆ .
Taking just the positive chirality (upper signs) in the above equations one gets
the supersymmetry rules of the conventional N = 1, D = 10 supergravity theory
N = 1(+), D = 10. The other sign choice gives the supersymmetry rules of
another N = 1, D = 10 theory (N = 1(−), D = 10) that can be constructed.
In fact, to find unbroken supersymmetries, in many cases we can use the sym-
metry existing between the two chirality sectors of the NS-NS sector of type IIA
supergravity: “C duality”. A C duality transformation changes the chirality of
the spinors and the sign of the axion and leaves the NS-NS sector of the type IIA
theory invariant. However, from the point of view of the N = 1 theories, C du-
ality is not a symmetry. Each theory has a definite chirality that cannot be
changed. Instead, C duality takes us from the N = 1(+), D = 10 theory to the
N = 1(−), D = 10 theory and is another (very simple) example of string/string
duality.
Then, when we have two embeddings which differ by just the sign of the axion,
we can use C duality arguments to translate the results of one chirality sector
to the other.
The necessary ingredients to find the unbroken supersymmetries are just the
dilaton, the axion field strength and the spin connection coefficients, which are
calculated for the kind of metric we are dealing with in Appendix C.
4.1 Unbroken supersymmetries of the a =
√
3 embeddings
The supersymmetry equations for a =
√
3 black holes are the most straightfor-
ward. Consider the field configuration of the electrically charged Kaluza-Klein
black hole described in Section 3.1. Then from φˆ = 6 Hˆ = 0, it follows that
the supersymmetry rules are identical for both positive and negative chirality
ten-dimensional spinors and that the dilatino equation is trivially satisfied. Fol-
lowing Appendix B, it is straightforward to show that the Killing spinors of this
embedding are those which satisfy
ǫˆ(±) = V −
1
4 ǫˆ
(±)
(0) , (52)
γˆ0γˆ4 ǫˆ
(±)
(0) = −n ǫˆ
(±)
(0) , (53)
where ǫˆ
(±)
(0) is a constant spinor. This chirality condition on the subspinor in
the (04) sector implies that precisely half of the supersymmetries are broken, for
either positive or negative ten-dimensional spinor. So half of the supersymmetries
are preserved for each of the opposite chirality N = 1 theories in D = 10, and,
as a result, half of each of the corresponding N = 4 supersymmetries in D = 4,
and, therefore, a total of a half of the N = 8, D = 4 supersymmetries.
Had we performed the same calculation for the T dual of this solution, namely
the electrically charged H-monopole, which has a non-vanishing axion field
strength and is not C duality invariant, we would have gotten a similar result:
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ǫˆ(±) = V −
1
4 ǫˆ
(±)
(0) , (54)
γˆ0γˆ4 ǫˆ
(±)
(0) = ∓n ǫˆ
(±)
(0) . (55)
As can be seen above, the Killing spinors are invariant under T duality in the
positive chirality sector, but are only covariant in the negative chirality sector.
This is due to the different ways in which the two torsionful spin connections Ωˆ(±)
transform [39]. The number of N = 4(8), D = 4 unbroken supersymmetries does
not change, though. It would also be the same had we taken the magnetically
charged S dual versions of both the Kaluza-Klein and H-monopole, although in
these latter two cases, the chirality condition is imposed on the (1234) sector of
the spinor. Henceforth we will not consider explicitly the S or T dual versions
of these solutions.
4.2 Unbroken supersymmetries of the a = 1 embeddings
The situation for the a = 1 embeddings is a bit more subtle. Consider the first
embedding in Section 3.2, Eqs. (35-37) and the positive (conventional) chirality
N = 1(+), D = 10 theory. When the minus sign is chosen, both the gravitino
and dilatino equations reduce to the same conditions, namely
ǫˆ(+) = V −
1
2 ǫˆ
(+)
(0) , (56)
γˆ0γˆ4 ǫˆ
(+)
(0) = −n ǫˆ
(+)
(0) . (57)
When the plus sign is chosen, there are no Killing spinors in the N = 1(+), D =
10 theory (i.e. ǫˆ(+) = 0 is the only consistent solution).
As explained above, these two choices of sign correspond respectively to declar-
ing that the four dimensional vector is a supergravity vector (and that the matter
vector vanishes) in the N = 4, D = 4 theory and declaring exactly the opposite.
We have just reproduced the results of Refs. [11, 13] respectively, although in a
different setting.
We can now use C duality to find the unbroken supersymmetries in the N =
1(−), D = 10 theory. For the minus sign choice there is now no Killing spinor,
and for the plus sign one gets the same condition as for the minus sign in the
N = 1(+), D = 10 theory, namely
ǫˆ(−) = V −
1
2 ǫˆ
(−)
(0) , (58)
γˆ0γˆ4 ǫˆ
(−)
(0) = −n ǫˆ
(−)
(0) . (59)
Then, both choices of sign (both embeddings) are supersymmetric in one sec-
tor, and in that sector a half of the N = 4, D = 4 supersymmetries are unbroken,
just as in the a =
√
3 case. Since we are forced to consider both sectors, the
total number of N = 8 unbroken supersymmetries is the same for both choices:
1/4. This result, which resolves the paradox, could also be explained by the
fact that there are no matter vector fields in the N = 8 theory: all vectors are
supergravity vector fields.
Finally, consider the embedding of Eqs. (38-40). This case, as the a =
√
3
(Kaluza-Klein) case, is C duality symmetric, and the supersymmetry transfor-
mations are identical for both chiralities. In addition to the conditions
ǫˆ(±) = V −
1
4 ǫˆ
(±)
(0) , (60)
γˆ0γˆ4 ǫˆ
(±) = −n ǫˆ(±) , (61)
we get the condition
Γˆ5 ǫˆ
± = −m ǫˆ± , (62)
coming from the magnetic sector, where Γˆ5 = γˆ1γˆ2γˆ3γˆ5. As a result, the super-
symmetries already halved by the first condition are halved again in each sector.
This implies that for each N = 4 theory, one quarter of the supersymmetries are
preserved [16, 17]. Therefore, again, but in a different fashion, for the N = 8
theory, 2 supersymmetries (one quarter) are preserved.
4.3 Unbroken supersymmetries of the a = 1/
√
3 embed-
dings
In some sense the a = 1/
√
3 black hole is a combination of an a = 1 black
hole with a dual-charged a =
√
3 black hole. Again following Appendix C, it
is straightforward to show that for the minus sign choice in the embedding of
Eqs. (41-44)
ǫˆ(±) = V −
1
4 ǫˆ
(±)
(0) , (63)
Γˆ5 ǫˆ
(+)
(0) = −n ǫˆ
(+)
(0) , (64)
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γˆ0γˆ4 ǫˆ
(+)
(0) = −n ǫˆ
(+)
(0) . (65)
and ǫˆ(−) = 0. This implies that 1/4 of the positive chirality N = 4 supersymme-
tries (i.e. the supersymmetries arising from the reduction of the positive chirality
ten-dimensional spinor) are preserved while none of the negative chirality super-
symmetries are preserved. As a result, only one of the N = 8 supersymmetries
is preserved.
For the plus sign choice in Eqs. (41-44), none of the positive chirality supersym-
metries are preserved, while one of the four negative chirality supersymmetries
is preserved, explicitly
ǫˆ(−) = V −
1
4 ǫˆ
(−)
(0) , (66)
Γˆ5 ǫˆ
(−)
(0) = +n ǫˆ
(−)
(0) , (67)
γˆ0γˆ4 ǫˆ
(−)
(0) = +n ǫˆ
(−)
(0) . (68)
A simple way of seeing this pattern is as follows: the configuration described
in Eqs. (41-44) represent a combination of a magnetic a = 1 black hole and
an electric a =
√
3 black hole.8 The a = 1 part of the configuration preserves
half the supersymmetries for one chirality and none for the other. The a =
√
3
part then independently halves again whatever remaining supersymmetries exist
in each sector. As a result, we are left with only an eighth of the N = 8
supersymmetries.
4.4 Unbroken supersymmetries of the a = 0 embeddings
The a = 0 embeddings described in Section 3.4, Eqs. (45-47) have precisely
the same supersymmetry breaking pattern as the a = 1/
√
3 solutions described
above, with the difference that an a = 0 solution can most usefully be thought of
as a combination of two a = 1 black holes, one electric and one magnetic, each
imposing an independent chirality condition.
The dyonic embeddings we have shown, by contrast, break all of the spacetime
supersymmetries. These embeddings do not, however, exhaust all possible dyonic
embeddings. This can be seen by noting that there exist dyonic ERN black holes
which preserve some supersymmetry in certain N = 2 truncations9.
8It is interesting that this composite viewpoint is consistent with the bound state picture
in [33] at the level of the Killing spinor equations.
9The purely electric and purely magnetic ERN black holes are supersymmetric in N =
5 Conclusion
In this paper we have determined which four-dimensional extreme dilaton black-
hole solutions can be embedded in N = 4 supergravity, for which values of the
parameter a and in how many inequivalent ways this can be done (that is, not
related by duality symmetries). We have also studied the N = 4 unbroken
supersymmetries of these black holes as well as their N = 8 unbroken supersym-
metries, making use of the fact that the N = 4 theory can be considered as a
consistent truncation of the N = 8. Our results are summarized in Table 1.
We have found that only the a =
√
3, 1, 1/
√
3, 0 dilaton black holes can be
embedded in the N = 4 theory and that this can be done in a very limited
number of inequivalent ways (not related by T or S duality). There is only one
embedding of the a =
√
3 dilaton black hole, three of the a = 1 one and two
of the a = 1/
√
3. The a = 0 can be embedded in just two different (purely
electric or magnetic) ways, but other (dyonic) embeddings are possible. All the
inequivalent embeddings in the N = 4 theory have different amounts of unbroken
supersymmetry.
The situation changes when we consider the embeddings in the N = 8 theory:
all embeddings of the same dilaton black hole are equivalent under U duality
and have the same number of unbroken supersymmetries with the exception of
the dyonic embedding of the a = 0 extreme black hole. There are U duality
transformations that relate embeddings which are inequivalent in the N = 4
theory and do not change the number of N = 8 unbroken supersymmetries
but do change the number of N = 4 unbroken supersymmetries, essentially by
shifting the unbroken supersymmetries from one chirality sector to the other.
One example is the C duality transformation that interchanges the two chirality
sectors and supergravity and matter fields of a given N = 4 theory (all vectors
are supergravity vectors in the N = 8 theory and this is why C duality is a
symmetry of this theory).
Note that our analysis applies to the string-like solitons constructed in [9],
where some solutions were found to preserve some supersymmetry provided one
made a chirality choice that matched the overall chirality of the N = 1, D = 10
theory from which the N = 4 theory was reduced. On making the opposite chi-
rality choice, however, it was found that the solution broke all supersymmetries.
This also presented an apparent paradox, since both embeddings represent essen-
tially identical solutions with analogous Bogomol’nyi bounds. From the results
in this paper, however, it follows immediately that the “wrong” chirality choice
embedding simply corresponds to a solution which preserves supersymmetry in
2,D = 4 supergravity. This theory has an electric-magnetic duality symmetry that preserves
unbroken supersymmetries (see, for instance, the second lecture in Ref. [10]), and, therefore,
the dyonic ERN black hole is supersymmetric in that theory, which can be obtained by a
consistent truncation of N = 8,D = 4 supergravity.
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a φ ρ1 ρ2 F
(1)1 F (2)1 F
(1)2 F (2)2 (n+, n−)
√
3 1√
3
ϕ − 2√
3
ϕ 0
√
2F 0 0 0 (12 ,
1
2 )
1 ϕ 0 0 F −F 0 0 (12 , 0)
ϕ 0 0 F +F 0 0 (0, 12 )
0 −ϕ ϕ F 0 e−2ϕ⋆F 0 (14 , 14 )
1√
3
− 13ϕ − 23ϕ 0
√
2
3F 0
√
2
3e
2φ⋆F −
√
2
3e
2φ⋆F (14 , 0)
− 13ϕ − 23ϕ 0
√
2
3F 0
√
2
3e
2φ⋆F +
√
2
3e
2φ⋆F (0, 14 )
0 0 0 0 1√
2
F − 1√
2
F 1√
2
⋆F − 1√
2
⋆F (14 , 0)
0 0 0 1√
2
F + 1√
2
F 1√
2
⋆F + 1√
2
⋆F (0, 14 )
0 0 0 F ± ⋆F 0 0 0 (0, 0)
Table 1: In this table we give the different embeddings (up to N = 4 (heterotic)
dualities) of the a =
√
3, 1, 1/
√
3, 0 purely electric (or magnetic) solutions Eqs. (5)
in N = 4(8) supergravity. It is read in the following manner: if the N = 4 fields
of the top row take the values given in the following rows, in terms of ϕ and F ,
where F is either purely electric or purely magnetic, then the N = 4 equations
of motion reduce to those of the a-model (2) for the value of a given in the
first column. In the last column we list the unbroken supersymmetry in the two
N = 4 sectors of positive and negative chirality as a fraction of the total.
the opposite chirality N = 1, D = 10 theory. In the N = 8 theory, both chirality
choices lead to embeddings which preserve the same amount of supersymmetry.
This conclusion also applies to analyticity versus anti-analyticity conditions in
certain N = 1, D = 4 truncations [9].
Furthermore, our analysis in this paper can be generalized in a straightforward
manner to arbitrary supersymmetric p-branes, both isotropic and anisotropic, in
arbitrary D spacetime dimensions, following the oxidation/reduction procedures
discussed in [40] (see also [41]).
It is tempting to conclude that all embeddings of any given four-dimensional
solution should be equivalent in the N = 8 theory. Previously it was thought
that only special embeddings of a solution in a supergravity theory had unbroken
supersymmetry. Our results seem to indicate that if a solution saturates certain
bounds and there is one supersymmetric embedding, all possible embeddings will
also be supersymmetric, and none of them will be singled out.
This hypothesis could explain why we have found no embeddings with (18 ,
1
8 )
of unbroken supersymmetries, that is, with 18 of the N = 8 supersymmetries
unbroken, half of them in each chirality sector. U duality transformations can
only change the number of unbroken supersymmetries by an integer number
of N = 8 supersymmetries. Thus, if we start with the (14 , 0) embedding of
the a = 1/
√
3 black hole, we can only get to the (0, 14 ) embedding, by using a
U duality transformation that shifts one N = 8 supersymmetry from the positive
to the negative chirality sector. If our hypothesis is true, then, we cannot access
this embedding by U duality, and it does not exist (certainly we have not found
it).
However, we cannot ignore the presence of a manifest exception to this hy-
pothesis: the dyonic embedding of the extreme Reissner-Nordstro¨m black hole.
An explanation of the existence of this solution in terms of bound states is not
apparent. Instead, one could hope for a larger framework in which this embed-
ding is supersymmetric, just as embeddings which are non-supersymmetric in
the N = 4 picture are supersymmetric in the N = 8 framework [14].
In calculating the N = 8 unbroken supersymmetries we have used the ten-
dimensional type IIA theory. Since we are considering four-dimensional solutions,
our results (the number of N = 8 unbroken supersymmetries) would be identical
had we worked with the type IIB theory. It is, though, of some interest, to know
what the ten-dimensional Killing spinors would look like in the type IIB case,
since this theory is chiral and it has spinors of only one chirality. Now one has
two sectors of the same chirality.
The chirality of the type IIB theory is conventionally positive, so one gets
the positive chirality N = 1(+) theory upon truncation of the bosonic RR fields
and one of the spinor sectors (say the second). But there is also a negative
chirality type IIB theory (type IIB(−)) characterized by the different chirality of
the spinors and by the fact that the five-form Fˆµˆ1...µˆ5 (which is the field-strength
12
of the four-form field Dˆµˆ1...µˆ4 in the notation of Refs. [35, 42]) instead of being
self-dual as in the type IIB(+) theory, is anti-self-dual. The same truncation of
this theory would give us the N = 1(−) one.
The situation is summarized in Table 2.
It takes, then, little thought to arrive at the conclusion that, since both type II
theories describe the same degrees of freedom but are “arranged” in different
ways, there must be a supersymmetric basis for the type IIB(+) theory such
that, in absence of bosonic R-R fields, the sector corresponding to the gravitino
ψˆ
(+)1
aˆ is the same as in the type IIA
1 theory and the sector corresponding to the
gravitino ψˆ
(+)2
aˆ is the same as the sector ψˆ
(−)1
aˆ of the type IIA
1 theory. From this
viewpoint, then, in the absence of R-R fields, the supersymmetry transformation
rules should be
δǫψˆ
(+)1
aˆ = ∇ˆ(+)aˆ ǫˆ(+)1 , δǫλˆ(+)1 =
(
6∂φˆ+ 14 6Hˆ
)
ǫˆ(+)1 ,
δǫψˆ
(+)2
aˆ = ∇ˆ(−)aˆ ǫˆ(+)2 , δǫλˆ(+)2 =
(
6∂φˆ− 14 6Hˆ
)
ǫˆ(+)2 .
(69)
In this case, all our results for the Killing spinors in the type IIA theory can be
translated to the type IIB(+) by just replacing ǫˆ(+) by ǫˆ(+)1 and ǫˆ(−) by ǫˆ(+)2. In
the type IIB(+) C duality would relate the 1 and 2 sectors ψˆ
(+)1
aˆ and ψˆ
(+)2
aˆ which
now happen to have the same chirality. In the N = 1 context, C duality would
relate two different N = 1(+) theories of the same chirality, but with different
supersymmetry rules, the difference being the sign of Hˆαˆβˆγˆ .
Finally, to complete the picture of all different embeddings of the same four-
dimensional solutions in the N = 8 theory being related by U duality transfor-
mations (so that there is only one inquivalent embedding for each solution) one
should also study R-R and mixed embeddings. It is, however, unlikely that the
picture will change from what we have presented above, since U duality treats
both sectors on the same footing and also interchanges them.
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type IIA1 → ψˆ(+)1aˆ ψˆ(−)1aˆ
type IIA2 → ψˆ(+)2aˆ ψˆ(−)2aˆ
↑ ↑
type IIB(+) type IIB(−)
Table 2: Here we have represented symbolically the gravitini of four possible
N = 2, D = 10 theories that we can define in such a way that the “common
sectors” are in the correponding intersection of row and column. Each common
sector loosely corresponds to an N = 1, D = 10 theory.
A Conventions
We denote with two hats eleven-dimensional objects, with one hat, ten-
dimensional objects and with no hats four-dimensional objects. Greek and un-
derlined latin or numerical indices are always world indices, and simple latin or
numerical indices are Lorentz indices. We reserve the indices i, j, k for the values
1, 2, 3. The completely antisymmetric symbol ǫijk is defined by ǫ123 = +1.
We use the mostly minuses signature (+ − − . . .−) and work in the string-
frame metric, except when we use the canonical metric that we denote by a tilde
g˜µν . The antisymmetric Levi-Civita tensor ˆˆǫ is defined by
ˆˆǫ
ˆˆµ0...
ˆˆµ10
= 1. (70)
Our spin connection ω (in D dimensions) is defined by
ωµ
ab(e) = −eν[a
(
∂µeν
b] − ∂νeµb]
)
− eρ[aeσb] (∂σecρ) eµc . (71)
The curvature tensor corresponding to this spin connection field is defined by
Rµν
ab(ω) = 2∂[µων]
ab − 2ω[µacων]cb , R(ω) ≡ eµaeνbRµνab(ω) . (72)
Indices not shown are assumed to be completely antisymmetrized world in-
dices. Thus, for instance,
∂H = 12F
(1)mF (2)m , (73)
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(the Bianchi identity for B Eq. (19) stands for
∂[αHβγδ] =
1
2F
(1)m
[αβF
(2)
mγδ] . (74)
B The type IIA bosonic action and supersymme-
try transformation rules in the string frame,
their truncation to N = 1 and further reduc-
tion to D = 4
B.1 Dimensional reduction from D = 11 to D = 10
The best way to obtain the supersymmetry transformation laws of the ten-
dimensional type IIA theory in the string frame is by direct dimensional re-
duction of N = 1, D = 11 supergravity, since we know that the dilaton is just a
function of the only scalar modulus field that appears [4, 35].
The bosonic fields of N = 1, D = 11 supergravity [43] are the elfbein and a
three-form potential
{
ˆˆeˆˆµ
ˆˆa,
ˆˆ
C ˆˆµˆˆνˆˆρ
}
. (75)
The field strength of the three-form is
ˆˆ
G = ∂
ˆˆ
C , (76)
and the action for these bosonic fields is
ˆˆ
S = 12
∫
d11x
√
ˆˆg

− ˆˆR+ a1 ˆˆG2 + a2 1√
ˆˆg
ˆˆǫ
ˆˆ
G
ˆˆ
G
ˆˆ
C

 . (77)
where
a31/a
2
2 = 2
835 , a1 > 0 . (78)
The only fermionic field of this theory is the gravitino
ˆˆ
ψ ˆˆµ, whose supersym-
metry transformation law, for purely bosonic configurations is10
10Our gamma matrices are in a purely imaginary Majorana representation and have the
anticommutation relations
{
ˆˆγ
ˆˆa
, ˆˆγ
ˆˆ
b
}
= +2ˆˆη
ˆˆa
ˆˆ
b
.
1√
2
δǫ
ˆˆ
ψ ˆˆµ =
ˆˆ∇ˆˆµˆˆǫ− 6i
a2
a1
(
ˆˆγ
ˆˆα
ˆˆ
β ˆˆγ
ˆˆ
δ
ˆˆµ − 8ˆˆγ
ˆˆ
β ˆˆγ
ˆˆ
δ
δ
ˆˆα
ˆˆµ
)
ˆˆ
Gˆˆαˆˆβ ˆˆγˆˆδ
ˆˆǫ , (79)
The dimensional reduction has been explicitly performed in Ref. [35]. We can
use the same ansatz for the elfbein to get the same result for the D = 10 type IIA
action in the string frame. We refer the reader to that reference for details on
the defininitions of the ten-dimensional fields and field strengths. On top of that
we make the identifications
ˆˆγ
aˆ
= γˆaˆ , aˆ = 0, . . . , 9 , (80)
ˆˆγ
10
= −i γˆ11 = γˆ0 . . . γˆ9 , (81)
so γˆ11 satisfies (γˆ11)
2 = +1 and can be used to define ten-dimensional chiralities.
We define the ten-dimensional spinors11
ǫˆ = e
1
6
φˆ ˆˆǫ , (82)
ψˆaˆ =
1√
2
e−
1
6
φˆ
(
ˆˆ
ψaˆ − i2 γˆaˆγˆ11
ˆˆ
ψ11
)
, (83)
λˆ = −3i√
2
e−
1
6
φˆγˆ11
ˆˆ
ψ11 , (84)
set
a1 =
3
4
⇒ a2 = 2−73−1 , (85)
and get the action [35]
SˆIIA = 12
∫
d10x
√
|gˆ|
{
e−2φˆ
[
−Rˆ+ 4
(
∂φˆ
)2
− 34Hˆ2
]
+ 14 Fˆ
2 + 34 Gˆ
2 + 164
ǫˆ√−gˆ ∂Cˆ∂CˆBˆ
}
, (86)
11Observe that these definitions differ from those in Ref. [44] not only by powers of eφˆ but
also, in the gravitino case, by the relative factor between
ˆˆ
ψaˆ and γˆaˆγˆ11
ˆˆ
ψ11. Both differences
are caused by the fact that we are working in the string frame.
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and supersymmetry transformation laws of the gravitino ψˆaˆ and dilatino λˆ fields
δǫψˆaˆ = ∂aˆǫˆ− 14
(
ωˆaˆbˆcˆ − 32Hˆaˆbˆcˆγˆ11
)
γˆ bˆcˆ ǫˆ (87)
− i16eφˆ
(
γˆaˆ
bˆcˆ − 2δaˆbˆγˆ cˆ
)
γˆ11Fˆbˆcˆ ǫˆ (88)
− i32eφˆ
(
γˆaˆ
bˆcˆdˆeˆ − 4δaˆbˆγˆ cˆeˆ
)
Gˆbˆcˆdˆeˆ ǫˆ , (89)
(90)
δǫλˆ =
(
6∂φˆ− 14 6Hˆγˆ11
)
ǫˆ− 3i8 eφˆ
(
6Fˆ γˆ11 + 16 6Gˆ
)
ǫˆ . (91)
B.2 Truncation to the N = 1 theory
When all RR fields (Cˆµˆνˆρˆ, Aˆµˆ) are set to zero (which is a consistent truncation),
the bosonic action of the type IIA theory Eq. (86) reduces to that of the N = 1
theory, which only contains the NS-NS fields gˆµˆνˆ , Bˆµˆνˆ , φˆ:
SˆN=1 = 12
∫
d10x
√
|gˆ| e−2φˆ
[
−Rˆ+ 4
(
∂φˆ
)2
− 34Hˆ2
]
(92)
In the supersymmetry transformation rules, though, both chiralities are still
present. If we split all spinors in their positive (+) and negative (−) chirality
halves
ǫˆ = ǫˆ(+) + ǫˆ(−) , γˆ11 ǫˆ(±) = ±ǫˆ(±) , (93)
etc. we get
δǫψˆ
(±)
aˆ = ∇ˆ(±)aˆ ǫˆ(±) ,
δǫλˆ
(±) =
(
6∂φˆ± 14 6Hˆ
)
ǫˆ(±) , (94)
where ∇ˆ(±)aˆ are the covariant derivatives associated to the two torsionful spin
connections
Ωˆ
(±)
aˆbˆcˆ
= ωˆaˆbˆcˆ ∓ 32Hˆaˆbˆcˆ . (95)
Eqs. (94) are just the supersymmetry transformation rules of the gravitino
and dilatino of two N = 1 theories of different chiralities. Both are related by a
change of sign of the axion and a change in the chirality of the supersymmetry
parameter ǫˆ. This transformation is a duality symmetry of the N = 2A theory
and a string/string duality symmetry between two different N = 1 theories of
opposite chirality in its own right[15]: C duality.
B.3 Further reduction from D = 10 to D = 4
The dimensional reduction of N = 1, D = 10 supergravity to 10− d dimensions
in the string frame was performed in Ref. [38] (in the canonical frame it was done
in Ref. [36]). Here we just quote their result for the four-dimensional action using
our conventions, and give the relations between ten- and four-dimensional fields
that allow us to uplift four-dimensional solutions to ten dimensions.
The four-dimensional action is
S = 12
∫
d4x
√
|g| e−2φ {−R+ 4(∂φ)2 − 34H2
+ 14 [∂Gmn∂G
mn −GmnGpq∂Bmp∂Bnq]
− 14
[
GmnF
(1)mF (1)n +GmnFmFm
]}
, (96)
where the vector and axion field-strenghts are
F (1)m = 2∂A(1)m , H = ∂B − 12A(1)mF (2)m − 12A(2)mF (1)m ,
F (2)m = 2∂A
(2)
m , Fm = F (2)m + F (1)nBnm ,
(97)
If we are given the four-dimensional fields gµν , Bµν , A
(1)m
µ, A
(2)
mµ, Gmn, Bmn
and φ of a solution, the ten-dimensional fields of the corresponding ten-
dimensional solutions can be found by using
gˆµν = gµν +A
(1)m
µA
(1)n
νGmn , gˆmn = Gmn ,
Bˆµν = Bµν +A
(1)m
µA
(1)n
νBmn −A(1)mµA(2)mν , Bˆmn = Bmn
Bˆµm = A
(2)
mµ +A
(1)n
µBnm , gˆµm = A
(1)n
µGnm ,
φˆ = φ+ 14 log det|G| .
(98)
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It is also useful to perform the dimensional reduction of the N = 1, D = 10
supersymmetry transformation rules to identify which are the six vector fields
that belong to the N = 4, D = 4 gravity supermultiplet and the six vector fields
that belong to the six additional N = 4, D = 4 vector supermultiplets. For
this purpose, it is not necessary to reduce the spinor indices and thus we will
keep the ten-dimensional gamma matrices and spinor indices. It is also sufficient
to reduce the positive chirality theory (the rules of the theory with opposite
ten-dimensional chirality can be obtained by a change of sign of Bµν , Bmn and
A
(2)
µm). The gravitini, dilatini and photini supersymmetry transformation rules
are, respectively
δǫψˆ
(+)
a = ∇(+)a ǫˆ(+) − 14
(6F 1m− 6Fm) emi γˆi ǫˆ(+)
+
(
∂aemj + ∂aBmne
n
j
)
emi γˆ
ij ǫˆ(+) ,
δǫ
(
λˆ(+) − γˆiψˆ(+)i
)
=
{
6∂φ+ 14 6H − 18
(
6F (1)m − 6Fm
)
emi γˆ
i
}
ǫˆ(+) , (99)
δǫψˆ
(+)
i =
1
8
(
6F (1)m + 6Fm
)
emi γˆ
i ǫˆ(+)
− 14 (6∂Gmn+ 6∂Bmn) emi enj γˆj ǫˆ(+) . (100)
This means that the supergravity vector fields are in the combinations
F (1)m −Fm , (101)
and the matter vector fields are in the combinations
F (1)m + Fm . (102)
These combinations interchange their roles under C duality.
C Spin connection coefficients
Most of the ten-dimensional metrics we have met are of the general form
dsˆ2 = V ddt2 −W bd~x2 −
(
V −
d
2 dx4 + n V
d
2 dt
)2
−W c (dx5 +m Widxi)2 − dxIdxI , (103)
with I = 6, . . . , 9. We ignore these directions since they are flat. Choosing the
zehnbein one-form basis
eˆ0 = V
d
2 dt , eˆ4 = V −
d
2 dx4 + n V
d
2 dt ,
eˆi = W
b
2 dxi , eˆ5 = W
c
2
(
dx5 +m Wi
)
,
(104)
we get the following non-vanishing components of the spin connection one-form
ωˆ0i = d2W
− b
2 V −1∂iV
(
eˆ0 − n eˆ4) , (105)
ωˆ04 = −nd2 W−
b
2V −1∂iV eˆi , (106)
ωˆij = +bW−
b
2
−1δk[i∂j]W eˆ
k −m W c2−b∂[iWj]eˆ5 , (107)
ωˆi4 = −nd2 W−
b
2V −1∂iV
(
eˆ0 − n eˆ4) , (108)
ωˆi5 = −m W c2−b∂[iWj]eˆj − c2W−
b
2
−1∂iWeˆ5 . (109)
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